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Abstract 

The traces over infinite dimensional representations of the central extended Yangian double for 
the product of operators which intertwine these representations are calculated. For the special com- 
binations of the intertwining operators the traces are identified with form factors of local operators 
in S'(7(2)-invariant Thirring model. This identification is based on the identities which are deformed 
analogs of the Gauss-Manin connection identities for the hyperelliptic curves. 
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1 Introduction 



A big progress have been achieved last decades in the investigation of completely integrable quantum 
field theories. By the complete integrability we understand the possibility to write down explicit integral 
representation for an arbitrary form factor of any local operator in the model. One of the first methods 
which allows one to gain complete integrability was bootstrap program developed for Sin-Gordon and 
5'C/(2)-invariant Thirring models in the works by F.A. Smirnov plj ]. Each time when realization of the 
bootstrap program led to success it always appeared as a miracle. The reason for such a miracle lies in 
the deep mathematical structure underlying the phyisical theories. One of such mathematical structures 
is a representation theory of infinite-dimensional Hopf algebras with the structure of doubles [Q . 

An application of such a symmetric ideology was realized recently in the series of papers by Kyoto 



group [ DFJMN , JMMN , JM ] devoted to investigation of quantum integrable lattice XXZ-type models in 
thermodinamic limit (for infinite lattices). The corresponding Hopf algebra for such models have been 
identified with quantum deformation of universal enveloping affine algebra U q (o) with \q\ < 1. Since a 
representation theory for this Hopf algebras is studied well enough, it is possible to calculate explicitly 
arbitrary physical quantity in the model. The main ingredient of this approach was a free field realization 



of infinite-dimensional integrable representations of U q (g) [FJ]. 

The main goal of this paper is to expand this group-theoretical ideology to the continuous integrable 
models. In principle, there exists a possibility to obtain the answers in continuous theory using scaling 
limit from the corresponding lattice one Qj. But it is possible to do only for final objects, like integral 
formulas for form factors or correlation functions of the local operators while some intermediate ones 
(representation theory, for example) are lost in such a limit. We think that developing the direct group- 
theoretical methods in quantum integrable continuous field theories is an important problem. 

Our main working example will be SU (2)-invariant Thirring model, also known as SU(2) chiral Gross- 
Neveu model or current-current perturbation of SU(2) WZNW model at level 1. An infinite-dimensional 



Hopf algebra associated with this model is a Yangian double P, pl|, Our main observation is 



that in order to develop group-theoretical methods for complete integration of SU (2)-invariant Thirring 

model one has to use a central extension of the Yangian double DY(st2), introduced recently in [|kJ] and 
investigated in |KLP1 ], For generalization to sl„ and gl n case see 



Organization of the paper is as follows. Section 2 is devoted to a short definition of central extension of 
the Yangian double Dffsfc) and to realization of infinite dimensional representations of it in terms of free 
bosonic field. In section 3 we describe the properties of type I and type II intertwining operators for these 
representations. Next section is devoted to definition and calculation of traces for infinite-dimensional 



representation. In sections 5 and 6 particular cases of the general trace formula ( 4.11 ) are considered. It 
is shown that traces of the products of type I intertwining operators coincide with correlation functions 
of the inhomogeneous XXX model Q. An analogous trace of type II operators is shown to be equal 
identically zero at "physical" value of shift parameter. In the last section the problem of identification 
of group-theoretical and bootstrap approaches to the calculation of form factors in completely integrable 
field theories is considered. This problem was not cleared up even in case of lattice models associated 
with U q (g). We have found that this identification appears to be available because of special identities 
held between Smirnov's integrals, which are deformed analogs of Gauss-Manin connection identities for 
the hyperelliptic integrals |m| . 

2 Central Extension of DY\s{ 2 ) 

Central extension of the double of Yangian DY(sli) is an infinite-dimensional Hopf algebra with central 
element c and generators d, ejt, fk,hk, k € Z, gathered into generating functions JkJ 

e(u) = J2^u- k -\ f(u) = J2fk u ~ k ~ 1 > h ± (u) = l±hJ2h k u- k -\ (2.1) 

k<0 

with the following relations 

[d, e(«)] = ^e(«), [d, f(u)} = [ d , h ± (u)} = 

du du du 



1 



e(u)e(v) = e(v)e(u) 

u — v — ft 

mm = u ~ v ~l /(«)/(«) 

u — v + n 

h ± (u)e(v) = u ~ v + h eMh^Ou) 
u — v — ft 

l>-(u)f(v) = f(v)h-(u) 

u — V + ft 

+ u-v + ft u-v-K-hc + 

h + {u)h (v) = — — — h (v)h + (u) 

u — v ^ ft u — v + ft — he 

[e(u),f(v)] = ~(S(u-(v + nc))h + (u)-S(u-v)h-(v)) (2.2) 



where 



5(u — v) = u n v m , S(u — v)g(u) = S(u — v)g(v). 



n+m— — 1 



For the comultiplication formulas in DY (sb) see [|Kj], [KLP1 



Let 7i be a Heisenberg algebra generated by free bosons with zero modes a± n , n = 1,2, . . ., ao, p with 
commutation relations 

[fflnj O-m] = n5n+m.,0 , [p, Oo] = 2 . 

We use the following generating functions of elements from TL: 

a +W = £^"-plogz, a_(2) = £^ + y , (2.3) 

n>l n>l 

a(z) = a + (z) — a_(z), <^±(z) = expa±(z) , (2-4) 

K(z),a„(y)] = -log(z-y), |y|<N- (2.5) 
Let Vj, i = 0, 1 be formal power extensions of the Fock spaces 

V t = C[[a_i, . . . , a_», . . .]] ® (©„ 6 z+V2Ce' iao ) (2.6) 
with the action of bosons on these spaces 

a n = the left multiplication by a n ® 1 for n < , 
= [an , • ] ® 1 for n > , 
e" iao (a_ Jfc • • • a- h <g> e" 2a °) = a_ ifc • • • o-^ <8> e(" 1+ " 2 ) a ° , 
u p (a- Jk ■ ■ ■ a- h ® e" a °) = M 2 "a_ Jfc ■ ■ • a-* ® e" a » . 



Proposition 1. The following EndVi- valued junctions satisfy commutation relations (2.i) with c = 1: 



e(u) = ^)<^ + 1 ('u) , /(«) = Ai_ 1 (u)0+(u) , 

ft+(u) = <p + (u- h)<t>^{u) , hT{u) =4>_(u-ft)(t>Z 1 (u + ft) , (2.7) 
e ld (j)±{u) = 0±(u + 7)e 7d , e 7d (l <g> 1) = 1 <g> 1, 

where 

H_(u) =())-(u + h)<j>-(u). (2.8) 

Due to Proposition 1, the Fock spaces Vi,i — 0, 1 are Z)y(s[2)-modules, . We call them basic (level 
1) representations of DY(sl2). 
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3 Intertwining Operators for Basic Representations 

Let 77+ (z) be the following End Vi- valued function (field): 



K 



(z) = lim (2hK)-^]J 



k=0 



cj)+(z - 2kh) 
(f) + {z - h - 2kh) 



(3.1) 



The field 77+ (z) is well defined and satisfies a property 



K 



V+ (z)r 1+ (z-h) = lim (2hK)-PT[ 



(z - 2kh) 



k=0 



_0 - 2h-2kh) 



= cj) + {z) lim (2hK)- p (j)- 1 (z-2h-2Kh) 

K— *oo 

= 0+W(-i) p 



(3.2) 



where the operator (— l) p acts on the module Vi multipling it by (—1)'. We can rewrite rj + (z) in an 
equivalent form using the Stirling formula 



77+ (z) = (2h)-^ 



\1~ 2K) 

r(-A) 



A" 



^lim J| exp — [(z - 2kh)- n -{z-%- 2kh)~ n ] 



k=0 



This presentation is useful to investigate the classical limit of the field 77+ (z) 

lim ?7 + (z) = (j) 1 i /2 (z){~l) p ^ 



which shows that the formula (3.1) can be treated as a deformed square root. 
Let us define the intertwining operators 

: ^ -> Vi-i ® V a , $* w («) : V; <g> V a — > Vi_< , 
: V t -» ^ ® **«(/?) : ^ ® K - 



(3.3) 



(3.4) 



(3.5) 
(3.6) 



which commute with the action of the Yangian double. Here V z in ( p.q ) and (3.6) denotes two-dimensional 
evaluation module 



V z =Vi 



V = Cv + ® Cv. 



dependent on the spectral parameter z [ KT | . The components of the intertwinning operators are defined 
as follows 

$W(a)u = <P i l ) (a)v®v + + <S> < L ) (a)v®v- , $* W (a)(?; ® w±) = $+ W (a)u , 
= u+ ®*^ } (/?)« + w_ ® , ** w (/3)(w± ® w) = *± W (/3)w , 

where w€ V,. Fix also the normalization of these operators 

$ (l) (a)w 4 = (-a)" i / 2 ei_ i tti_ i ® u Ej H , 

** (i) (/5)(^ 1 - I = (-/3)- l/2 wi-,: + • • • , £o = -, ei=+, (3.7) 

where we denote 



uq = 1 ® 1 and u% = 1 ® e' 



a /2 



Normalization condition (3.7) allows us to write down precise expressions for 

$ £ = $( 0) © : Vq © Vi Vi 8 V and ** = ** (0) © :V ®V 1 ^V 1 (BV 



without dependence on the index i. We have the following [KLP1| 
Proposition 2. Intertwinning operators ^3. Sj ) have the free field realization: 

$_(o) = ^_(a + %+ x (o) , 
$+(a) = $_(a)/ -/o$-(a) , 



d>*«(a) 
**C9) 



i/C-l)'*^ (a - a) , 

(/%+(/?) , 
eo-r (/?)-**_ (/3)e 

e (-l)-**!f*)03_R), 



± 



(3.8) 

(3.9) 

(3.10) 

(3.11) 

(3.12) 

(3.13) 



These intertwining operators satisfy commutation relations 

$ £2 (a 2 )$ £l (ai) = i^ea(ai-a2)$ ei (ai)$ e ' a (a 2 ) 

$ £l (a)*: 2 (/3) = 
.g^$* (1 - 4) (a)$«(a) = 



r(a , 
-id , 



S £l£2 id 



where 72-matrix is given by 
and 

r(l- 

r{z) 



Pi - I3 2 
R{z) = r{z)R(z 



+ 0(01-02) , 



21, 



r (i + &) 



r 



r i 



27U 



t(z) 



i?(z) 



r(i 



2^ 



r (-as) 



r 



/ 1 ^ 

6(z) c(z) 

c(z) b(z) 

\ o o 01/ 



7TZ 

■ Ctg 2l 



6(z) = 



c(z) = 



h 



9 = «7 



(3.14) 

(3.15) 
(3.16) 
(3.17) 

(3.18) 
(3.19) 

(3.20) 
(3.21) 



(3.22) 



z + h z + h 

One can easily check that i?-matrix ( 3.20| ) satisfies the unitary and the crossing symmetry conditions 

R{z)R{-z) = 1 , 

(C ® id) R(z) (C <g> id) = i?* 1 (-z - h) 
with the charge conjugation matrix 

C=( \ "J) (3.23) 
and i?* 1 (z) means the transposition with respect to first space. 
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The verification of these commutation relations is based on the following normal ordering relations 
(see details in ]KLPlfl ) 

r (I + <*i - "2 \ 

$_( a2 )$_( ai ) = (2fi) 1 / ^ / \ ■ ai ^ _I; $ _( a2 ) $ _( ai ); , (3.24) 



r (2 ^ sir 



\l/2 V 2 



-/3 a 
IE 



(ft)** (ft) = (2a) 1 / 2 V / :tt*(ft)**_(ft): , (3.25) 



r 



(1 + 

^2 + 2^ J 



*-(«)/(«) = — ^— :*-(a)/(«): 
u — a 

/(«)*_(«) = ^— :*_(a)/(«): (3.27) 

u — a — ft 

e(v)**_((3) = -Lg :*!.G9)e(t;): (3.28) 

e(v)«&_(a) = <E>_(a)e(v) = (w — a — ft) :<&_(a)e(v): 
/(«)**(/?) = **(/?)/(«) = (u-/3) :**(/?)/(«): 

These normal ordering formulas are used in particular to represent the second components of the 
intertwinning operators where some contour integrations over variables u and v are supposed. Let us 
specify the contours in these integrals. By inspection of fl3.27 ) we can easily find that the point a + ft 
should be inside the contour C in the definition of the operator $+(a) 

*+(a) = $_(a)/ -/o$-(a)= / ^ («-(<*)/(«)- /(«)*-(«)) , (3.29) 

while the point a should be outside C. For the type II intertwinning operators the picture is inverse. 
The contour C in definition of the operator ^+ (ft 

*;(/?) = eo** 09) - *_(fte = /. ^ (ft - **(fte(f)) (3.30) 

should include the point (3 but exclude the point ftfft. The form of the countours C and C depends on the 
presence of other operators and should be specified in each particular case of the product of intertwining 
operators. 



4 Trace Formula 

The goal of this section is to obtain the trace of the product of arbitrary number of type I and type II 
intertwining operators. We need the following 

Proposition 2. Let 

o=n^-K)ii r ?+^) c 4 - 1 ) 

j k 

be an operator acting in the infinite dimensional Fock space Vq . Under the restrictions for the integers 
kj and pk 

J>i = ^> fc = (4.2) 

j k 
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a ratio 



tr (e* d O) 
tr (eT d ) 



of traces over this infinite dimensional representation space can be calculated using the formula 



tr (e^O) 
tr {e~< d ) 



II exp 



res 
■i'.?/ 



<a + (x - m-f)[0 - l]a'_(y)> 
x-y 



OO OO 



and is equal to 

where an integral representation for the r.h.s. of (4.4) is (Re j/h > 0) 



11 11 _ Wj _ m7 _ 2kh) k ip* 



(4.3) 



(4.4) 



exp 



V 



(ft - 7)^ (gfc ~ w j) x 

dx ^— v e 2^ e ft 
— l^kiPk- 



3,k 



bI1 2ft cn 2 



(4.5) 



Formula (4.3) is an analog of the formula (8.6) given in the book [JM] for U q (s\2)- To obtain (4.3) one 
has to pass from summation over powers of different modes of free bosonic field, to the summation over 
products of the free field taken in different points. In the basis constructed from these fields an operator 
e ld acts by shift of the spectral parameter. The proof of (4.3) is complicated but straightforward and 
can be fou nd in Jc| . A significant difference of trace calculations in Yangian case in contrast to quantum 
affine one [ JM ] is that only ratio of traces is well defined in a sense that corresponding infinite products 
are convergent. 

Because of the proper ty (|3.2|) of the field rj+(z) and definition (2.8) of the field r~i-(z) the formula (4.4) 
is sufficient to calculate ( |4.3[ ) when the operator O is a product of different combinations of free fields 

<M*0, <P+( Z ), M-( z ) an d V+( z )- 

Let us apply above formulas for computation of the trace over the space Vo of the following product 
of type I and type II intertwining operators 



% N (P N )...% 1 ([3 1 )^ M (a M )...^ Ul (ai) 
with the numbers of "plus" components of the operators 



(4.6) 



{#3 I £,- = +} = 



First, we have to normal order the product ( |4.6| ) using formulas of the previous section. We can rewrite 
4.6 (ay = cti — otj and (3ij — Pi — (3j ) as following: 



N 



M 



N(N -1) + M(M -1)-2N M 



j = l 



n 



n 



r(4 



nn 



"27T 



2h I j=l i=l 



r i 



2h 



Vj)(Vi 



h) 



2m n? =1 nJLi(«i 

du p Pv{u; a) Y[ i<:j {ui - u 3 )(u t - Uj + h) 



2m 



n™ i u.jii( u i - a j)( u i - a i - ft) 



IlLi IYLi( u p - vk)(u P -vk + h) 
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where 



N 



M 



j=l i=l fc=l p=l 

N M n m 



o 



+ 



n v+(Pj)iiv+-{<xi) n ^(f*) n <m%>) 

j'=1 i=l fe=l p=l 



and for 



{&!<...< b„} = {j | Ej = +} and {<ii < . . . < a n ) = {i | v { = +} 
we define the polynomials 

P v (u\ a ) = JJ Yl ( u p ~ a i> II ( u p -oti-h) , 

p— 1 i<a p i>a p 

^ e («; /?) = n n ^ - a-) n («* - & - *o ■ 

k=lj>b k j<b k 



(4.7) 
(4.8) 
(4.9) 



Applying formula (4.4) to the operators 0_0+ given by (4.7) and (4.8) we see that the condition 

-m (4.10) 



(4.2) for the existence of this trace can be written as 

N-M 



and the trace of the product (4.6) is equal to 
1 

tr(e 



/ N M \ 

^tr e^n«i(ft)II^)J 

n - AO n - «<') nc(«< - 



k=l 



N 



/% - r /u* - & - 7i\ P e (v;/3) 



7 



n(JV-l) 



Sm7T 



7 



Sr(t^)r(i. 



- Vk - ft + 7 



p=l 



M 



m p - «i\ ( oti - Up + h\ P v (u;a) 



7 



m(M-l) 



SH17T 



7 



x TT 

11 {up-u p , +h\ fu p , -u p + h + -y\ 
P<P> 1 ^ ^ J 1 ^ ~, ) 

U7=i nf = i sm^^ nLi ngi 

IULx IlLi «n sin .^fE^^ 



(4.11) 



This formula in particular case 7 = 2h has bee n wr itten in Q and can be obtained by means of the 
scaling limit from general trace formula given in |JM| for the quantum affine algebra. 
In ( 4.11 ) the numerical constant A 1 ^ 7 ^ is 



NM -\^l) 



(JV-M) 2 /4 



(_]\Nn+Mmt_ |jjn+m JI .iim+n/2+m/2giJV/4^jgM/4jgj 



(2^)( Ar+M )/ 4 7 2 ™+ 2m r (l - |) 



(AT 2 +4n)/4 



r ( 1 + S 



(M 2 +4m)/4 



(4.12) 
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and wc introduced functions 



C(«) 
C(/3) 
C(*) 



r(l + ^) G(a) 
) GV2( ) 



21 



G(/3) 



(A) G V 2 (0) 



r 1 



G(z) 



and 



G(a) 



nn 



(— /i — 2kh — m"f)(—3h — 2kh — 7717) 
{-2kh - m-f)(-2h - 2kh - nvf) 



G((3) 



m=l k=Q 

(a — h — 2kh — 7777) (—a — Ti — 2kh — 777,7) 
X (a - 2h - 2kh - 7777)(-a - 2fi - 2kh - 7717) 

(-2fcft - 7777)(-2fr - 2fc?i - 7777) 



(4.13) 



OO OO 

nn 

m=l fc=0 

(/? - 2fc?i - 7777) (-/3 - 2fc?i - 7777) 



(— 7i — 2fc?7 — m"f)(h — 2kh — 7777) 



03 

OO OO 

= n n 



m=l fc=0 



h-2kh- m~f)(-/3 -h-2kh- 7777) ' 

(—2kh — 7717) 
{-2h - 2kTi - mi) 



(4.14) 



(z — h — 2kh ~ m"f)(—z — 2h — 2/c?7 — 7777) 
(z — 2fc?7 — 7777) (— z — h — 2kh — 7777) 



(4.15) 



Functions (4.13), (4.14) and (4.15) are well defined because the infinite product of rational functions 



[B; 



n 



.,fc„>0 1A P 



(4.16) 



is well defined as function of the variables a m and b p if the following constraints for these variables are 
satisfied 



0,1, 



(4.17) 



In particular, for 77 = 1 the function ( 4.16| ) is equal to the ratio of T- functions. The simplest way to prove 
(4.17) is to use an integral representation for the function (4.16). 

The functions G(a), G(/3) and G(z) have the following integral representations in appropriate regions 
of parameters a, (3, z (Re 7/^ > 0) 



G(a) 
G(f3) 
G(z) 



exp 



exp 



exp 



dx thfsh^sh^ 
^thfsh^+^shfc^L 



exp 



(7 - 2h)x 



2h 



2h 



dx th ? sh 2h sh^ 

r sh22i 
x sn 2h 



■ exp 



exp 



2h 

(_'W\ 

(7 — h)x 



2h 



(4.18) 
(4.19) 
(4.20) 
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and they satisfy the properties 



G(z) = G(-z), G(h) = l, G(z)=G(-z), G(h) = l, G(0) = 1, 
G(z)G(z) = l ^ n, ?\ , G(z)G(-z) = G(z)G(z-h)= 7T: ' 



h sin(7rz/7) 



7 sui(jrz/"/) 



(4.21) 
(4.22) 



Properties (4.21) are useful for checking accordance of the formula (4.11) with the normalization of the 
intertwining operators (3.17)-(3.1£). 

The last thing which we sh ould to do is to specify the contours C and C in ( 4.1l| ). The correct choice 
of the contours is dictated by ( |3.29 ), ( 3.30 ) and prescriptions how to use the formula (4^4). The contour 
C for the integration over u p , p = 1, . . . , m is such that (r = 0,1,2,.. .) 



a.j + h + r7 are inside C, ctj — are outside C, j = 1, . . . , M 

Vk — h + 7 + rj, Vk + 7 + ^7 are inside C, 

Vk — h — r7, Vk — are outside C, k = 1, . . . , n 

and the contour C for the integration over Vk, k = 1, . . . , n is such that (r = 0, 1, 2, . . .) 

fa + rj are inside C, (3i + h — rj are outside C, i = l,...,N 



(4.23) 



u p + Ti — 7 — r-f, 



are inside C, 
u p — 7 — r7 are outside C, p = 1 , 



(4.24) 



Also we should remark that both contours cross the infinity point along the line z = iht, t £ R in the 
complex planes corresponding to the integration variables Vk and u p because they are pi nched from both 
sides of this line by the poles of the T-functions. If the integrand in the general formula ( 4.11 ) has a pole 
in the point oo then we should understand corresponding integrals as principal value integrals (see next 
section). 

It is quite difficult to work with general formula (4.11) so in next four sections we will consider 
particular cases of this formula which are of special interest for us. 



5 Correlation Functions 



The experience of group-theoretical approach in quantum integrable lattice models |JM| teaches that 
some combinations of type I intertwining operators can be identified with generating functions of the 
local operators in the corresponding quantum integrable model. Therefore the calculation of traces of 
type I intertwining operators gives in particular the correlation functions of local operators. In this case 
we have from fll.llD for N = n — and M = 2m due to (|4.10|) 



tr( 



i^tr f eT" 3^(04) j = <™ J] C(a 4 - a,) 

m. „ , 2m 

rU^nr 

3=1 

n 



p=l JLj i=l 



Up - cti\ ( cti - Up + P u (u;a) 



7 



m(2m — 1) 



Sm7T- 



p<p' 



^ Up - u p i +h ~^ p ^ u p i 



u p i - Up + h + 7 



(5.1) 



For 7 = 2h the formula (5T) was obtained in N by means of scaling limit from the corresponding 
formula in XXZ model. In this particular case there exist a possibility to reduce the number of integrals 
in (5^1) by a method suggested by F.A. Smirnov Q 
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We demonstrate this in the particular case of m = 1. Integral in ( p.l| ) is interesting in this simplest 
case because it can be calculated explicitely for arbitrary step 7. We have in this particular case instead 
of (5.1) the following integral (a = a\ — a 2 ) 

> tr(e ^ ( „ 2)4 „ (a0) = iHW£il±^l GW 



tr {e~t d ) 



du P U2Ul (u) 

27T« 7 



3=1 



+ h — u x 



7 



7 



(5.2) 



Denoting the integral in (5.2) by I U2 v 1 we can obtain that 

r(^)r(f)r(^)r(i±A: 



4fi = -^27" 



(n 24 ) 



(5.3) 



because of the following classical result (Mellin-Barnes type integral) |BE| 

r+lo ° ^ r{a + c)r(a + d)r{b + c)T(b + d) 



f 400 iLr (a + s ) r (6 + s) r (c - s) r (rf - s) = 

J-ioo 27r * 



r(l + a + 6 + c + d) 



Hence 



1 , 1 -yd*. 1 \^ 1 \\ v 2 G(a) r (l + ^) 



r 2 



^±«)r( 



X±A: 



tr (eT rf ) 



(2»)V» r (I + - ) 



7 + 2?i 

7 



(5.4) 



(5.5) 



Applicability of the formula (5.4) to calculate the integral I V2Vl should be checked when 7 = 2h, 
because the integrand has a pole at the point 00 in this case. Setting 7 = 2Ti in (|1|) we obtain 



-^tr (e 2M $, 2 (a 2 )^ 1 (a 1 )) = ^(27i)- 1/2 G(<*)r (l + |r) T 



3 a 

2 2a 



tr (e 2M ) 

On the other hand we can calculate the integral Iu 2 u x | 7 _ 2 n usm § Smirnov's hint. Using the identity 



(5.6) 



COS7T- 



oti — a 2 

~2h 



u — Oi\ u — ot 2 . u — ot\ . u — a 2 
COS7T COS7T hsm7T — sm7r- 



2h 



2h 



2h 



2h 



u — oti — h . u — a 2 — h . u — a.\ , u — ot<i 
sin 7r sm7r hsm7r — sm7r- 



27) 



21) 



2h 



2h 



(5.7) 



and the formula 

we can reduce this integral as follows 



T(x)T(l-x) = 

sin ttx 



2 p / h + ctj — u 
du P V2Vl {u) TT V 2h 
c 2~Ki 2% Al ~ / 2h + aj -~ 
3=1 1 ^ 2K 



- Ql — 02 

2h 



.01—02 

■ — m — 



du P V2Ul (u) 
2ni 2h 



n 



( u ~ a i \ 



ir 



(- 



(5.8) 



(5.9) 



Let us calculate first 1^ since arguments for the second integral I 1- are the same. Using explicit form 

of the polynomial P_| — (it) we can find that the integral in question is equal to the sum of two integrals 



I+- = 



C0S7r — TT~ 



h + a2 — u 

2Ti 



1 1 h + o 2 - u 

2 i 21 



(5.10) 
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-'' ' (5.11) 



7r 2 a — h /l a \ /3 a 

~costt^ 2 =?r r ^2 + 271 J r ^2 ~ m 

where contours C\ and C 2 being small semicircles around the point 00 are shown on the Fig. 1. 



00 00 

C\ C 2 

Fig. 1. 



Since the arguments in ratios of T- functions ( 5.10 ), ( 5.11 ) differ by 1/2 we can calculate thes e integrals 

using the Stirling formula. The same calculation for the integral / |_ shows that formula (5.5) is correct 

for all possible values of 7. 

Also one can easily check that (|5.5|) is in accordance with the normalization conditions for the type I 



intertwining operators (3.17) and (3.18) which in this case looks as 

(a) $1/1 (a -h) = v 2 g~ 1 5 lJ2 - l/ 

and 



6 Calculation of Multi-Point Traces for Type II VO 

The goal of this section is to prove the statement that in the "physical" limit 7 = 2h the tra ce of the 
product of type II intertwining operators is equal identically zero. In such a case we have from (4.11) for 
M = m = and N = 2n due to fl4.1C| ): 



T^J^tr ft KM j = <o n C(ft - ft 



fe=i 



n 

k<k' 



2n 



x Y[ I — f[ r I h~ Vk ) r ' 



2r? 

2fi 



27i 



2S 



Using the identity 



n 



sm7r- 



2ft 



1 / Vi— Vj— !l\ p / Vj — Vj-\-H \ 

\ 2ft J L \ 2ft J 

n 



■ni \ 
4fr) 



n(n-l)/2 22n-l_2r. 



fe-1 



fc=l 



- ^) JJ - Uj + &) Yl ( Ufc _ ^ " ^) 

(-1)" 



1-72?! ^ /life - Sj - ft\ - Ufe + 3?i 

llj=i 1 ^ — 5H — J 1 ^ m 



llj=i 1 { 2h ) 1 ^ 27T 



2/i 



(6.1) 
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where 



Bo 



AkivfJ^k) = det (e-("-2*+i)™ 3 /^ 



2<(<« l<j=jtk<n 



we can rewrite the integral in ( 3T ) over the variable ffc as a difference of two integrals 

1 { 2h ) 



n 



3fi + /3j - -i; fc 



2 „ r 

f_irTT-^ - '- 



2?i 



Lj =1 r ( m 

where we have introduced a polynomial f(vk) 

h— 1 2n fc— 1 n 

/(«) = n ^ - & - a ) n (»* - ^) n («* - ^ + ^ n («* - - ^ 



(6.2) 



We can see now that the integral in (|6.2| ) is equal to the sum of two integrals over two small semicircles 
around the infinity point. These integrals are reduced to residues of the integran d at this point. Using 
the Stirling formula one can easily notice that the expansion of the integrand in (6.2) in the vicinity of 
the point oo starts from v^ 2 . Indeed, the total power of polynomial /(i>fe) is equal 3n— 2, while the ratio 
of T-functions produce v^ n in the denominator. Since it is true for all terms in the sum over k we proved 
that the trace 



(6.3) 



It is instructive to consider again the simplest case of the formula (6.1) for n = 1. This integral can 
be calculated using (dA) and is equal to (/3 = j3\ — fh) 



tr (e 2M ) 



r(i + &)r(^)r(i^) 
r(&) 7r(^) 



(6.4) 



We see that the vanishing of this trace for 7 = 2h is due to the function T (l — ^ j in denominator of 



(S.4) 



We can check that (6.4) is in accordance with the normalization condition for the type II intertwining 
operators 



(ft) 



+ o(ft -fo-h) 



(6.5) 



One can see that the function ( |6.4[ ) indeed has a pole at the point ft = ft + Ti with the residue equal to 



7 Deformation of Gauss-Manin Connection 



As we have seen in the previous sections 
when 7 = 2h. In this case the trace of the 
zero identically. To make a trace of type 
combination of type I operators. In this 
cases of the formula ( 4.11 ), while general 
some particular cases of the general trace 
5[/(2)-invariant Thirring model. On the 



the general formula for the trace simplifies much in the case 
product of type II intertwining operators appear to be equals 
II vertex operators non-zero for 7 = 2Ti we should add some 
and the next sections we are going to consider only simplest 
situation will be considered elsewhere. Our goal is to identify 
formula ( 1.11 ) with those obtained by bootstrap approach for 
way of the identification we will find some identities between 
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form factor integrals which turns out to be deformations of the Gauss-Manin connection identities for 
the hyperclliptic curves. 



Let us start with the case of one type I intertwining operator in the formula (4.11) (which does not 
correspond to local operators). For simplicity we consider this operator to be $_(a) component of the 
intertwining operator. This means that M = 1 and m — in (4.11). The number TV and n which describe 
the total number of type II operators and "plus" components of them respectively are related because of 
the condition (4.10) 

N = 2n + 1. (7.1) 



The case TV = 1 is trivial. The general formula (4.11) does not contain integration at all. First nontrivial 



case is N — 3 and n = 1. In such a case the formula (4.11) reads 
1 

tr(P 



\ 3=1 J j<f 



dv 
q 2iri 



3=1 



-v\ fv- fa +h 



21) 



2h 



The contour C in the integral ( |7.2[ ) is shown on the Fig. 2 



P £ (v;0) 



nLi(«-A--») 



■ sm7r- 



2/; 



(7.2) 



/3i +27i 



fii + 2h 



03 \2h 




Fig. 2. 



Pi -h 



02 -n 



03 -n 



a 



The form of the contour C and presence of "strange" poles (from bootstrap approach point of view) at 
the points f3j + h in the integral (7.2) were main obstacles in identification of free filed [JM| and bootstrap 
formulas for form factors. We would like to state that both these obstacles can be overcome because 
of the following 

Proposition 3. Form = 1,2,3 we have identities 

n (a- + » - a) n ^ - ^v^—n exp ( ±i i) 

j'^m ' .3=1 



dv 
q, 2ixi 



(u - /3m) exp (±i 



(7.3) 
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whe 



which satisfy 



<p( v ) = r[-— )r(- + — 

1 2hJ \2 2Ti 

v + h 



(p(v + 2h) 



(7.4) 



(7.5) 



v + 2h • 

and the contour C is a straight line between the points /3j and (3j — h, j — 1, 2, 3 and shown on the Fig. 2. 



The identity formulat ed in (7.3) is of a type of the t otal difference identities found by F.A. Smirnov 
in |S3| . fg4| . The p roo f of (7__3) is based on the property (7__5) of the function tp(v). 

Hence due to (7.3) the extremal component (£3, £2, £1 = H ) of the three-particle form factor of the 

operator $_(a) is equal to 



1 



tr (e 2M ) 



tr(e 2M *;(/3 3 )*l(/3 2 )ir (/3i)$-(a)) 



1 



4m£? n c 0% - fto nc(« - ft) UT3 3+h -8-) 

j<j' 3 ?=i 3 



exp ( — [ 3a + ft 



3 3 

a ~ Pj 1 ■ TT a _ 
sm7r V l I I COS 7T ■ 



n 

J'=l 



4/i 



■II' 



l/( 



dv 
1 2ni 



n^-ft) 

3=1 



(«-A)«p(-S 



(7.6) 



The formula (7.6) coincides with corresponding formula from [ JKMQ|. To obtain (7.6) an obvious identity 

3 



dv 
c , 2iri 



n^-ft) 

3=1 



[ / 11TV \ ( 11TV 

{v -^ i exp tJ +i?2exp l-^ 



= 



(7.7) 



have been used, where 



*--(x:^)|>BfO 



Another important application of the identities ( |7.3[ ) is that they provide a deformation of Gauss- 
Manin connection for elliptic curves Q. To explain what we mean let us define two integrals 

3 

Ff)(/3 l! /3 2 ,/3 3 )= / ^n^-/3,)exp(z^), p = 0,l fc = ± (7.8) 



which are def ormed analogs of first and second kind integrals on elliptic curve S3|. Due to (7.3) the 
integrals (7.8) satisfy the difference equation 



r=l 



with the connection matrix 

m - ( i ; 



Yf j=i (fo + n- Pj ) V ^3 0% + ft) &(& + ft) 



(7.9) 



(7.10) 
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Difference equation ([Fl]) is a deformed analog of the Gauss-Manin connection. Classical limit (71 — * 0) of 
the integrals Fp k ^ (j3i, (3%, /%) is not straightforward and was investigated in |S3, |54|. In such limit these 
integrals go to elliptic integrals 



ft— >o 



ft— >o 



v p dv 



n;=i(«-^) 

v p dv 



and difference equation ( |7.S| ) to the classical Gauss-Manin connection |M[ . Identity (7.3) becomes the 
identity between elliptic integrals of the type 



n - ft 



dv 



ft sJuU^-^-m Jfl1 \Aii =1 («-&) 



(v - (3 3 )dv 



(7.11) 



which describe a relation between second kind elliptic integrals with singularities at the point (3$ and at 
the point oo. 

The next example which is interesting from physical point of view is two type I intertwining operators 
i n the trace formula (4.11). The case when m = n = and M = N = 2 is trivial because in this case 
( 4.11 ) does not contain integrations. We can state that the integral ( 4.11 ) can be reduced to form factor 
integrals in 5't7(2)-invariant Thirring model for N — 2n, M — 2m = 2, 7 = 2ft and arguments of type I 
operators are related as 

ax = a 2 + ft . (7.12) 

Because of the property ( |3.17 ) this case correspond to 2r7,-particle form factor of the generating function 
of the local operators jy 

A(a) = $+(«)$_(« + ?i) + $_(«)$+(« + ft) = $_(«)$_(« + ft) f - f <f>-(a)<P-(a + h) (7.13) 



The integral formula (4.11) reduces in this case to the multiple integral 
1 



tr (e 



2hd 



■tr \e 2hd ]l%(^ + (a)^(a + ft) 



3=1 



nc(ft-ft') 

j<j' 



2™+ 1 (2?i)"(«- 3 )/ 2 G 1 /2(0) 2n q 

JJcOS7T- 

3=1 



2h 



n 



fe=i 



2n 



1 U,, 11 (Vk-v„-h) 



=• 2ni 



i jLi ( v k - ft - ft) ' 



fc<fe' 



u 

fe=l 



k<k' 



du 
c 2ixi 



n 



sin 7T 



u — /3j 
2fr 



n 

fc=i 



(7.14) 



u — Vk . u ~ a 
sin 7T — sm 7T — - — 



Note that in order to set a\ = a 2 + ft in the general formula ( 4.1l[ ) we have used the explicit form of 
the polynomial P + _(u) which cancel the pole of the function T ( "^ 1 ) at the point a-y. It means that 
there is no pinching of the contour C between points a 2 + ft and a\ when a% — > 02 + ?i. The poles of the 
integrand over u at the points 

a + rft, v + rft, k = l,...,n 
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are inside the contour C for r = 1, 2, . . . and are outside C for r = 0, — 1, —2, .... Note also that all T- 
function depending on the integration variable u turns into sin-functions, so we can calculate the integral 
over u. After this we can see that one more integration over variables Vk can be calculated and the result of 
calculation coincides with form factors integral obtained in [KS, Q for S'[/(2)-invariant Thirring model. 

Unfortunately, this treatment of the integral (|7.14 ) is technically complicated problem. We are going 
to publish this calculation as a separate paper [KLP2 . Here we would like to point out the main steps 
of our construction. 

First step is the calculation of the integral over u in (7.14) which can be done easily. Second one is 
the calculation of the integral over one of variables Vk using Smirnov's hint (see section 6). After these 
calculations we left with n — 1 integrals over the contours C of the type shown on Fig. 2. In order to 
rectify contours we should use the identities which are analogs of the Gauss-Manin connection identities. 
In the simplest case n = 2 this identity reads 



n 

dv j=l ( VKV 
n ^~ eX P 11 ^ 

c 27T? v — pi — n \ n 



1 



rw/^-A'+ft) Jc> 2 ™ 



d(v,/3) = 2v 2 - v \2h 



3 = 1 



(7.15) 




/3 4 (/3i+/32+/?3-/34-27i) 



The contours C and C in (7.15) are the same as shown on the Fig. 2. These identities can be easily 



generalized to arbitrary n > 3 and are the analogs of the Gauss-Manin connection identities for the 
hyperelliptic curves of the genus n — 1. The last step of identification ( 7.14| ) with form factor integrals 
is using the identities of the type (7.7). The identities of this kind allow one to extract from (7.14) the 



integrals which do not depend on the spectral parameter a of the generating function A (a). Realization 
of such a program for the trace 



tr i 



e 2 ^;(/3 4 )*;(/3 3 )*I(/9 2 )**(/3 1 )A( a )) 



tr (e 



2hd\ 



leads to the integral 



xim-Pr) n 



^exp 



dv 
2ni 



in(3j 
~2h 



n - v ) ex p 



ITTV 



3 = 1,2 .7=3,4 



(7.16) 



Formula (7.16) coincide with analogous formula from 
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